Anisotropic dark energy model with dynamic pressure anisotropies along different spatial directions is constructed at the backdrop of a spatially homogeneous diagonal Bianchi type V (BV ) space-time in the framework of General Relativity. A time varying deceleration parameter generating a hybrid scale factor is considered to simulate a cosmic transition from early deceleration to late time acceleration. We found that the pressure anisotropies along the y− and z− axes evolve dynamically and continue along with the cosmic expansion without being subsided even at late times. The anisotropic pressure along the x−axis becomes equal to the mean fluid pressure. At a late phase of cosmic evolution, the model enters into a phantom region. From a statefinder diagnosis, it is found that the model overlaps with ΛCDM at late phase of cosmic time.
Introduction
It is now an accepted fact that, the universe is undergoing an accelerated phase of expansion in the present epoch. A lot of observational data support this fact [1] [2] [3] [4] [5] [6] [7] . The accelerated expansion is believed to be a late time dynamics of the universe. Strong observational evidences have led to a wide consensus that the transition from a decelerated phase to an accelerated one occurred at a transition redshift z da ∼ 1 [8] [9] [10] . The reason behind this late time dynamics is not exactly known. However this phenomena is attributed to an exotic dark energy(DE) form which must have a lion share of 68.3% in the mass-energy budget to account for the acceleration [11] [12] [13] . In General Relativity, dark energy corresponds to an isotropic fluid with almost constant energy density with negative pressure. The late time dynamics of the universe triggered enormous research works with novel concepts and ideas. Dark energy can be better understood through an equation of state parameter ω defined as the ratio ω = p ρ , where p is the pressure and ρ is energy density. Under the purview of General Relativity, there have been a good number of models proposed to understand the nature and behaviour of DE. Besides the consideration of a cosmological constant with ω = −1 ( ΛCDM model), canonical scalar field models such as quintessence (− 2 3 ≤ ω ≤ − 1 3 ) [14, 15] , phantom fields (ω < −1) [16] , k-essence [17, 18] , tachyons [19] , quintom [20, 21] have been suggested. Alternative dark energy candidates such as ghost dark energy [22] [23] [24] , holographic dark energy [25] , Ricci dark energy [26] and agegraphic dark energy [27, 28] have been proposed in recent times where a parametrized form of the dark energy density is considered. Basing upon the requirements, the parametrized forms are tuned to get viable models describing dark energy. In recent times, there have also been a growing interest in a unified dark fluid where the contributions coming from both the dark energy and dark matter part are handled through a unified dark equation of state which may be linear or non linear in energy density [29] [30] [31] [32] [33] . The single unified dark adiabatic cosmic fluid is able to explain most of the recent observational data. Another approach is the modification of the Einstein-Hilbert action of Einstein theory which has also been proved to be successful in providing some insights into the dark energy problem [34] [35] [36] [37] [38] [39] . Even though, the dark energy equation of state is considered to be a constant quantity in most of these models, it is not very much necessary and should be allowed to vary with time. Of course in certain models, this parameter comes out to be evolving with cosmic dynamics.
The universe is mostly observed to be flat and isotropic and supports the predictions of ΛCDM model. However, observations of high resolution CMB radiation data from Wilkinson Microwave Anisotropy Probe (WMAP) showing some large angle anomalies suggest a non-trivial topology of the large scale geometry of the universe with an asymmetric expansion [40] [41] [42] [43] . Planck data also show a slight redshift of the primordial power spectrum of curvature perturbation from exact scale invariance [11] . These observations obviously hint towards the presence of some anisotropic energy source in the universe with anisotropic pressures. The issue of global anisotropy can be settled if anisotropy can be incorporated to the flat Friedman model (FRW) as a sort of small perturbation or if the FRW models can be modified in a suitable manner. In order to address the issue of the smallness in the angular power spectrum, some anisotropic models have been proposed in recent times [44] [45] [46] [47] . These models bear a similarity to the Bianchi morphology [48] [49] [50] . Spatially homogeneous Bianchi type models are more general than the FRW models and have anisotropic spatial sections. They provide an opportunity to consider asymmetric expansion along different spatial sections.
In some recent works [51, 52] , we have investigated the background cosmologies of some dark energy models with anisotropic pressures in the backdrop of anisotropic BV metric in the framework of a scale invariant theory as proposed by Wesson [53, 54] . Keeping in view of the late time dynamics of the universe, we considered a constant deceleration parameter which provides two volumetric expansion behaviour of the universe namely power law and exponential expansion. It has been shown in those works that, there remain pressure anisotropies even at late phase of cosmic evolution. Also, we have investigated the role played by the scale invariance in the coordinates in comparison to that in the absence of scale invariance. It is worth to note that, the scale invariant formulation we have adotpted reduce to General Relativity without cosmological constant under the assumption of a time independent Dirac gauge function. In the present work, we intend to extend those works by incorporating the time varying behaviour of deceleration parameter so that it can mimic a cosmic transition.
The paper is organised as follows: In Section 2, the basic formalism for anisotropic dark energy model with anisotropic pressures along different spatial directions have been discussed for an anisotropic and spatially homogeneous BV metric in the framework of General Relativity. Similar formalism has already been developed in our earlier works [51, 52] . Concept of pressure anisotropy is not new and has been investigated in literature. In a recent work, Akarsu has considered such pressure anisotropy for a BIII metric to investigate the isotropisation of the model at late times [55] . In Section 3, a hybrid scale factor having both exponential and power law nature generated by a time varying deceleration parameter is considered to mimic a cosmic transition. The deceleration parameter has a characteristic to decrease from a positive value at early time to an asymptotic negative value at late time of cosmic evolution. The formulations for the skewness parameters and pressure anisotropies are derived. The dynamics of the model and the dynamics of the pressure anisotropies in the form of the skewness parameters are discussed. The viability of the discussed dark energy model is tested with a statefinder diagnosis in Section 4. At the end, the conclusions of the work are presented in Section 5.
Basic Formalism
We consider an anisotropic dark energy model with anisotropic pressures along different spatial directions in the field equations in General Relativity,
Rg ij = −T ij , where the energy momentum tensor for dark energy is assumed as
The skewness parameters δ, γ and η are the respective deviations along x−, y− and z axes from the equation of state (EoS) parameter ω. We allow these skewness parameters to evolve with the cosmic dynamics. ρ is the energy density and the pressure p = ωρ. Here we have used the gravitational units (8πG = c = 1). The line element for Bianchi type V (BV) space-time is considered in the form
where the directional scale factors A = A(t), B = B(t), C = C(t) are functions of cosmic time only and α is a positive constant. Einstein field equations for the metric (2) areB
and
An overhead dot on a field variable denotes differentiation with respect to time t. On integration, eqn. (7) yields
where the integration constant is taken to be 1. The energy conservation for the anisotropic fluid, T ij ;j = 0, yieldṡ
where the directional Hubble rates are defined as H x =Ȧ A , H y =Ḃ B and H z =Ċ C and the mean Hubble rate is H = 1 3
(H x + H y + H z ). The above equation (9) can be split into two parts: the first one corresponds to the conservation of matter field with equal pressure along all the directions i.e. the deviation free part of (9) and the second one corresponds to that involving the deviations of EoS parameter:
It is now certain that, the behaviour of the energy density ρ is controlled by the deviation free part of EoS parameter whereas the anisotropic pressures along different spatial directions can be obtained from the second part of the conservation equation. From equation (10), we obtain the energy density as
, where ρ 0 is the value of energy density at the present epoch and R is the scale factor of the universe.
The Friedman equivalent equation for the field equations (3)-(6) can be expressed as
where we have used the expression q = −1 −Ḣ H 2 for deceleration parameter. The scalar expansion θ and shear scalar σ 2 in the model are expressed as
where H i ; i = 1, 2, 3 are the respective directional Hubble rates along x−, y− and z− axes. Also,
θh ij ) and h ij = g ij − u i u j is the projection tensor. u i = δ 4 i is the four velocity vector in the comoving coordinates. The shear scalar is usually considered to be proportional to the scalar expansion for spatially homogeneous metrics which leads to an anisotropic relationship among the directional scale factors B and C as B = C m [51, 56, 57] . Here the exponent m is a positive constant and takes care of the anisotropic nature of the model. The model is isotropic for m = 1 else anisotropic.
In the present work, we assume the rate of expansion along the x−axis to be the same as that of the mean expansion rate i.e H x = H. This will lead to the consideration that, the pressure along x−axis is mostly the same as that of the total pressure. The directional Hubble rates along other two spatial directions can now be expressed as
Following the formalism developed in Refs. [51, 52] , the skewness parameters can be obtained as
where, ζ(m) = m−1 m+1
measures the deviation from isotropic nature. For m = 1, ζ(m) vanishes and consequently the cosmic fluid becomes isotropic. From equations (16)- (18), it is clear that, the evolution of the pressure anisotropies or the skewness parameters are decided by the evolving nature of the factor
. In General Relativity, the functional F (H) has a great role in the description of the late time acceleration of the universe. One should note that, if the functional F (H) vanishes then it will lead to the vanishing of the skewness parameters. Also, for a vanishing functional F (H), the deceleration parameter becomes q = 2, leading to a prediction of decelerating universe. It is worth to mention here that a positive deceleration parameter signifies a decelerating universe whereas its negative value indicates an accelerated cosmic expansion. In other words, a non vanishing F (H) is required for the description of an accelerated expansion. In some earlier works [58, 59] , it has been shown that this functional in the form χ(H) =Ḣ + 3H 2 vanishes for LRSBI models. Hence LRSBI models can not provide accelerating models without the contributions coming from magnetic field, scalar field or cosmic string. However, in presence of cosmic strings, magnetic field or scalar fields the situation gets modified and accelerating models are achieved [33, 60] . In the present work, we are interested in the late time cosmic dynamics with preconceived idea of accelerated expansion and therefore, we will force this functional to be non zero. In the background of this assumption, we will investigate the cosmic dynamics through the evolution of dark energy equation of state.
The energy density ρ and the EoS parameter ω are obtained as
where the average scale factor is R = (ABC) 1 3 which ultimately be the same as A. The above equations (19) and (20) clearly show that, if the expansion history is tracked by choosing a scale factor or more specifically a Hubble parameter, then the background cosmology can be easily studied. In our recent works [51, 52] , we have followed similar approach to investigate the cosmic dynamics in a scale invariant theory of gravitation where we have considered a constant deceleration parameter simulating two different volumetric expansion laws namely power law expansion and exponential expansion. However, according to observations, the accelerated expansion of the universe is a recent phenomena which fosters the idea that, the universe might have undergone a transit at some point of time from a decelerated phase to an accelerated phase. A constant deceleration parameter can not predict this particular feature of cosmic expansion. In view of this, in the present work, we wish to consider a dynamically changing deceleration parameter which shows a behaviour of early deceleration with positive value and with the growth of cosmic time it switches over to a negative value predicting a late time acceleration.
Cosmic transit and Hybrid scale factor
A cosmic transit from early deceleration to late time acceleration can be obtained by a hybrid scale factor R = e at t b where a and b are positive constants. This scale factor has two factors: one factor behaving like exponential expansion and the other factor behaving like power law expansion. While the power law behaviour dominate the cosmic dynamics in early phase of cosmic evolution, the exponential factor dominates at late phase. When b = 0, the exponential law is recovered and for a = 0, the scale factor reduces to the power law. The Hubble parameter for this model is H = a + . Similar expansion law has already been conceived earlier [59, [61] [62] [63] . In Ref. [59] , a more general form of such hybrid Hubble parameter has been considered with the form H = a+ b t n , n being a constant. The present hybrid scale factor is a special case (n = 1) of that considered in Ref. [59] . Consequently, the deceleration parameter becomes q = −1+
At an early phase of cosmic evolution when t −→ 0, q ≃ −1 + and at late phase of cosmic evolution with t −→ ∞, q ≃ −1. We are very much interested in a transient universe with early deceleration and late acceleration and therefore constrain the parameter b to be in the range 0 < b < 1 so that at early time q can be positive whereas at late time q assumes a negative value in conformity with the recent observational data. From the expression of the deceleration parameter we can infer that, the cosmic transit occurs at a time t = − The functional F (H) for the hybrid scale factor becomes
We require that F (t) should not vanish, at least for large cosmic time, so that we will get an accelerated expansion at late times of cosmic evolution. At late times,
and is always having a non zero positive value since both a and m are positive quantities. Therefore at late phase we get an accelerated expansion with a negative value of deceleration parameter. However, at an early epoch, there is a possibility of deceleration as we have desired for a cosmic transit at certain instant of time for which the functional F (t) may vanish. At an early time, we may neglect the contribution from 3a 2 compared to the evolving terms of the functional F (t) which leads to a cosmic time t = 1−3b 6a
when F (t) vanishes. This further constrains the parameter b in a more tighter range 0 < b < 1 3 , so that we can only get a positive cosmic time frame to have a decelerated universe. The functional F (t) evolves from a large negative value in early phase to reach to a positive maximum at certain past cosmic time and then decreases to small non zero values at late phase.
The energy density ρ is obtained as
At an early cosmic time when t −→ 0, the behaviour of the energy density is mostly decided by the terms involving low power in t i.e. ρ ∼ 3
t 2b . More specifically, since b << 1, at an early cosmic phase, ρ ∼ 3b 2 t 2 , provided the parameter α is not very large. At late cosmic phase, the energy density evolves to become ρ ≃
. It is now clear that, both at the early and late cosmic times, the energy density is positive which is required for viable cosmological models. However, with the growth of cosmic time, there is a possibility that the energy density may become negative at some point of time because of the dominance of exponential term. In order to avoid such unphysical situation, we restrict the parameters in such a manner that at any time t they should satisfy the condition of
The skewness parameters normalised to the functional ζ(m) can be obtained using equations (16)- (18) along with equations (21) and (22)as
The evolutionary behaviour of the skewness parameters are decided by the time varying nature of the factor
which becomes negative at early cosmic phase and positive at late times. The skewness parameter along x−axis almost does not evolve with time and remains close to zero. This is what we expect earlier since, along x−axis, the expansion rate is considered to be the same as that of the mean Hubble rate. May be that is the reason, along this axis, the pressure of the anisotropic fluid is the same as that of the mean pressure. Since, m is close to 1 to handle the little anisotropic nature of the universe, the behaviour of γ is found to be just the mirror image of the behaviour of η. At an early cosmic time, the factor
which assumes a small negative value for b in the range 0 < b < . And at late phase, this factor behaves like
. Consequently
at late time of cosmic evolution.
The equation of state parameter for the model is
The equation of state parameter evolves dynamically with the expansion of the universe. The dynamics is mostly governed by the behaviour the rest energy density. At an early phase, when the power law behaviour of the scale factor dominates the dynamics, the equation of state parameter behaves like ω = −1 + , which is a positive quantity for 0 < b < . At a late phase of evolution, it assumes a constant value ω ∼ −3. The equation of state parameter evolves from a positive value in the beginning, crosses the phantom divide and at late times enters into phantom region.
Anisotropic behaviour of the model
The average anisotropy parameter A is defined as
where
A is a measure of deviation from isotropic expansion. A model is isotropic if A = 0, otherwise the model is anisotropic. One should note that, a model isotropizes at late phase of cosmic evolution if the volume scale factor increases to infinitely large value and on the otherhand, the average anisotropic parameter vanishes for large value of cosmic time. In terms of the exponent m, the average anisotropic parameter for the present model can be expressed as [51] A = 2 3
The above equation clearly indicates that, the exponent m takes care of the anisotropic nature of the model. The model becomes isotropic with equal rate of expansion in all spatial directions if m = 1; otherwise the model will be anisotropic. The average anisotropic parameter in eq. (28) is time independent implying that the anisotropy in expansion rates is maintained throughout the cosmic evolution. However, one should note that, the universe is observed mostly to be isotropic and any consideration of anisotropy must be taken as a sort of small perturbation in the expansion rates which necessitates that the value of the exponent m should be very close to 1. As has been calculated from some observational bounds in an earlier work [51] , the value of m is around m = 1.0001633 in a BV model corresponding to an average anisotropy of 4.4439 × 10 −9 . Concerning the anisotropies in the dark energy fluid pressure, one can note that, the skewness parameters evolve with the cosmic dynamics. For a hybrid scale with power law and exponential factors, the behaviour of the model is dominated by the power law factor at the early phase whereas the exponential factor dominates at the late phase of evolution. In view of this, the evolution of pressure anisotropies follows almost a similar trend to that of the de Sitter model discussed in Ref. [52] at least at late times. The pressure anisotropy increases initially and after some instant of time, it decreases to low values at late times. This is evident from the late time pressure anisotropy in y− axis which is almost a mirror image of that in z−axis. The value of γ at late times of cosmic evolution becomes
to the value at present epoch
The value of the pressure anisotropies are decided by the two constant parameters a and b of the hybrid scale factor besides the exponent m. The value of b has been constrained in the present work to lie in the range 0 < b < 1 3 whereas the value of a can be constrained from the behaviour of the Hubble parameter at different redshifts and the cosmic transit phenomena. However, in the present investigation, we take this as a free parameter.
Statefinder diagnosis
The viability of dark energy models can be tested through the statefinder diagnostic pair {r, s} which provide us an idea about the geometrical nature of the model. The statefinder pair {r, s} are defined as
.
For the present dark energy model with anisotropic pressures along different spatial directions and the imposition of a hybrid scale factor to simulate a cosmic transit from decelerating phase to an accelerating one, the statefinder pair can be obtained as
The values of the statefinder pair depend on the parameters a and b of the hybrid scale factor chosen. Both r and s evolve with time from large value to small value at late time. At the beginning of cosmic time, the statefinder pair for the present model are {1 + 2−3b
} whereas at late time of cosmic evolution, the model behaves like ΛCDM with the statefinder pair having values {1, 0}.
Conclusion
In the present work, we have constructed an anisotropic dark energy cosmological model in the framework of General Relativity at the backdrop of spatially homogeneous and anisotropic Bianchi V metric. The anisotropic behaviour of the model is simulated through the consideration of different scale factors and Hubble expansion rates along different spatial directions. A parameter m is considered to take care of the anisotropic behaviour of the model in the sense that, if m = 1, we get isotropic model and for m = 1, anisotropic nature will be retained. The cosmic fluid is also considered to be anisotropic which allow us to assume different pressure of the fluid along different directions.
The accelerated expansion of the universe is observed to have occurred at late phase of cosmic dynamics and before this the universe might be decelerating at an early time. In otherwords, the universe might have undergone a transition from early deceleration to late time acceleration at certain point of time. Such a situation can be simulated through a time varying deceleration parameter which may be positive at early time and evolves to negative values at late times. We consider such a deceleration parameter which can be generated from a scale factor having a hybrid form containing factors of exponential behaviour and power law behaviour. It is worth to mention here that, power law and exponential scale factors are widely used in literature for the investigation of background cosmologies. Also, these two kinds of scale factors lead to a constant deceleration parameter. The power law factor of the hybrid scale factor, we have used in the present work, dominate the early part of cosmic dynamics where as the exponential factor dominate at late times providing a realistic cosmological model. We followed the general formalism developed for dark energy models with pressure anisotropies in earlier works [51, 52] to get the evolution of skewness parameters and the equation of state parameter. In the context of the discussed model, we have constrained the parameters of the hybrid scale factors from some observational as well as physical bounds. The interesting feature of the model is that, the skewness parameters dynamically evolve with the cosmic expansion which speaks of a dynamically changing pressure anisotropies along different spatial directions. Along the x−axis, the skewness parameter almost remains constant with values close to zero signifying that, the pressure along this direction is equal to that of the mean pressure. As in the previous works, in this investigation, we found that, the pressure anisotropies along y− and z−axes behave just as the mirror image of the other. Also, it is observed from the discussed model that, the pressure anisotropies along the y− and z−axes continue with the cosmic expansion without being subsided at any point of time.
The equation of state parameter is obtained to vary with cosmic time implying an evolving relationship between the mean pressure of the cosmic fluid with the energy density through out its evolution. It evolves from a positive quantity at the beginning to enter into a phantom region at late times. We have also calculated the statefinder parameters to test the dark energy model. The statefinder pair also come out to be time varying and they decrease with the cosmic evolution to overlap with the ΛCDM model at late times. The constructed model being more realistic to simulate a cosmic transit favours a phantom phase at late times. The use of a hybrid scale factor significantly changes the behaviour of the cosmic fluid.
